Entanglement witnesses based on first and second moments exist in the form of spin-squeezing criteria for the detection of particle entanglement from collective measurements, and in form of modified uncertainty relations for the detection of mode entanglement or steering. By revealing a correspondence between them, we show that metrologically useful spin squeezing reveals multimode entanglement in symmetric spin states that are distributed into addressable modes. We further derive tight state-independent multipartite entanglement bounds on the spin-squeezing coefficient and point out their connection to widely-used entanglement criteria that depend on the state's polarization. Our results are relevant for state-of-the-art experiments where symmetric entangled states are distributed into a number of addressable modes, such as split spin-squeezed Bose-Einstein
I. INTRODUCTION
Quantum entanglement describes non-classical correlations of multipartite quantum systems [1] . It can appear between the parties' internal (e.g. spin) degree of freedom (dof), or between their external (e.g. spatial modes) dof. One usually refers to these two cases as particle or mode entanglement, respectively. Apart from its fundamental interest, entanglement is a key resource in quantum information science and quantum technologies [2, 3] . This is evidenced, for instance, in the context of quantum sensing and metrology, where quantitative relations between metrological sensitivity and the number of entangled particles in Ramsey interferometers exist [4] . In atomic ensembles, entangled multipartite quantum states with the potential to enhance interferometric measurements can be prepared by controlling the interactions between particles, which is a well-established technique in today's experiments [5] .
Most experiments on ultracold atomic ensembles focus on quantum states where particles share the same external mode, and can thus only be addressed and measured collectively. In recent years, new technologies, such as quantum gas microscopes [6] , optical tweezer traps [7, 8] , and split BECs [9] [10] [11] have enabled the investigation of spatially distributed, entangled atomic ensembles, see Fig. 1 . In such systems, on top of the entanglement among the particles, we can discuss the entanglement of spatially separated modes [12, 13] .
Particle entanglement can be revealed experimentally through spin-squeezing coefficients [14] [15] [16] [17] [18] . Among several methods to quantify spin squeezing [15] , the Wineland et al. spin-squeezing coefficient [16] has the advantage of establishing a link between the entanglement detected in a quantum state and its quantum gain for interferometric measurements, thereby detecting metrologically useful entanglement [3] . Moreover, this spinsqueezing coefficient expresses a sensitivity gain that can be reached by a simple parameter estimation protocol after sufficiently many experimental repetitions [16] . Being a function of averages and variances of linear operators only, spin-squeezing coefficients are particularly suitable to detect multiparticle entanglement of spin states that can be approsimated as Gaussian quantum states.
While particle entanglement can be detected with collective measurements, standard methods to reveal mode entanglement require local measurements on each mode. Criteria based on variances and mean values can be found in the form of modified uncertainty relations that hold for arbitrary separable states, but can be violated through entanglement [19] [20] [21] [22] [23] . These approaches are powerful tools to detect entanglement in arbitrary-dimensional systems with high flexibility. They allow us to study entanglement between specific partitions of a composite system, thereby providing precise microscopic information about which subsystems share quantum correla-tions [24, 25] . These criteria exist for both discrete and continuous variables, and they can be extended to study the stronger class of quantum correlations known as steering that is at the heart of the EPR paradox [26, 27] .
In this work, we show that under conditions that hold for a wide range of systems, the uncertainty-type modeentanglement criteria coincide with the Wineland et al. spin-squeezing coefficient, which detects particle entanglement and quantifies the metrological quantum gain. This allows us to establish a direct relation between the detected entanglement of particles and modes, as well as the sensitivity of spin states. While this does not replace the need for multimode entanglement witnesses, our results reveal the required level of spin squeezing for the generation of multimode entanglement by distributing the spins into addressable modes, e.g., by splitting a BEC into individually addressable ensembles. By linking these quantities to the spin-squeezing coefficient, we further relate mode entanglement and EPR steering to the quantum advantage in metrology measurements. Finally, we improve the best known bounds on the number of entangled particles that can be identified from the spin-squeezing coefficient without knowledge of the average polarization, and we clarify the connection to the spin-squeezing multipartite entanglement criterion by Sørensen and Mølmer [18] .
II. MODE VS PARTICLE ENTANGLEMENT
A collection of systems (labeled 1, ..., Ξ) is entangled if their quantum state cannot be written as
where γ p γ = 1 is a probability distribution, and ρ (i) γ are density matrices for system i. The local systems may refer either to the Ξ = N particles or to the Ξ = M modes that they occupy, giving rise to particle or mode entanglement, respectively. In practice, determining whether a given quantum state allows for a decomposition of the form of Eq. (1) is an extremely hard task. One therefore relies on entanglement witnesses or, more generally, necessary conditions that any separable state must satisfy [14, 28] . A violation of these criteria then represents a witness for entanglement.
A. Uncertainty-based mode-entanglement criterion
Criteria based on first and second moments of linear observables are powerful tools to detect entanglement [14, 19, 20, 29] and steering [26, 27] in arbitrarydimensional systems with high flexibility. An important class of these criteria take on the form of Heisenberg-Robertson-type uncertainty relations, with a modified lower bound on the variances that can be violated by entangled states. The most general formulation of these criteria for bipartite systems was given by Giovannetti et al. in Ref. [23] , where it was furthermore shown that (nonlinear) product criteria are generally more powerful than (linear) sum criteria (see also [22, 27] ). In the context of atomic spin ensembles it is convenient to express these criteria in terms of collective spin observables. For the case of N spins distributed into M = 2 modes, labeled as A, B, these take the form S A = i∈A s (i) /2, S B = i∈B s (i) /2, where s (i) is the spin for particle i. The criterion expresses that all mode-separable states satisfy
The choice of observables (e.g. local spin components) can further be optimized to identify the most sensitive entanglement criterion for a given quantum state. These criteria can be generalized to study entanglement in specific multipartitions (with precise microscopic information about which subsystems share quantum correlations) [24] as well as full inseparability [30? -32] , i.e. the violation of these bounds in all possible partitions.
B. Spin squeezing particle-entanglement criterion
In the case of a large number of spins, it becomes challenging to address each particle individually. Nevertheless, particle entanglement among the individual spins can be detected from collective measurements of the spin components through spin-squeezing criteria. For all fully separable spin−1/2 states it holds that
where ξ 2 is the Wineland et al. spin-squeezing coefficient [16] . States with ξ 2 < 1 are characterized by a variance of the collective spin operator that is smaller than that of a coherent spin state, while at the same time being strongly polarized along the S x direction. The spin-squeezing coefficient can be considered as a simple Gaussian approximation of the full metrological sensitivity that can be extracted from the quantum state [3, 5, 34] . For this reason, states with ξ 2 < 1 can achieve a quantum enhancement beyond the standard quantum limit in metrology measurements [16] and the entanglement revealed by this condition is metrologically useful. This approach can be extended to multipartite entanglement [4, 35] , Bell nonlocality [36] , and to analyze the multimode entanglement structure in addressable systems of arbitrary dimension [24, 25] .
III. EQUIVALENCE OF MODE AND PARTICLE ENTANGLEMENT: TWO-MODE CASE
In the following we prove that, if the state of the system is symmetric under the exchange of particle labels and of modes, the two criteria (2) and (3) are equivalent, namely that
To show this, imagine a system of i = 1, . . . , N particles with an internal (spin) and an external (mode) dof. We associate to each particle the operator s
u is the spin operator along direction u, and Π I,(i) is the projection operator of the external dof onto one of the M = 2 modes I = A, B. Let us now assume the following properties (∀ i, j = 1, . . . , N , and I, J = 1, . . . , M ):
there are no correlations between the spin and the spatial dof, e.g. s
(ii) particle symmetry: the state is invariant under permutations of the particle labels, e.g. s (2) , for i = j;
(iii) symmetric splitting: a) there is equal probability for a particle to be found in any of the modes, i.e. Π I,(i) = 1/M , and b) these probabilities are independent, i.e. Π I,(i) Π J,(j) = Π I,(i) Π J,(j) .
Let us mention that these assumptions are relevant for a number of experimental systems. For example, these assumptions apply to an ensemble of identical atoms distributed symmetrically in a set of external modes, as in Refs. [9] [10] [11] .
Exploiting assumptions (i) and (ii), we can now compute expectation values of collective spin observables as
Note that here, and in the following, we use the shorthand notation s Similarly, we obtain that correlators take the form (see Appendix A 1 for details)
To prove now the relation Eq. (4), we use Eqs. (5) and (6) to rewrite the variance appearing in Eq. (2) as (see the Appendix A 2 for a detailed derivation)
For the other variance in Eq. (2) we can simply write
The same holds also for the denominator, which can be written as
since symmetry implies that S A x and S B
x have the same sign. It is now straightforward to combine the results of Eqs. (7) , (8) , and (9) to see that, under the assumptions introduced before, we obtain Eq. (4).
This result highlights a correspondence of the detected mode entanglement in two addressable modes and the detected particle entanglement in fully symmetric manybody quantum states. In the following we further generalize this criterion to an arbitrary number of modes M , and show how full multipartite inseparability can be detected with these methods.
IV. GENERALIZATION TO MULTIPARTITE ENTANGLEMENT
When considering a collection of systems, entanglement can emerge in different partitions of the ensemble, i.e. across any separation of the ensemble into groups of systems. Let us denote one specific partition as Λ = {A 1 , . . . , A k }, where the A's are non-overlapping groups of 1 ≤ |A q | ≤ Ξ systems, such that k q=1 |A q | = Ξ. An Ξ-partite quantum state ρ is called Λ-separable if it can be written as
where the ρ (Aq) γ are quantum states of the subsystem A q . For an overview of different classes of entangled states in multipartite systems, we refer to Appendix B.
A. Inseparability of M modes
The entanglement criterion (2) can be generalized to yield a criterion for Λ-separable states of an M -mode system as follows [24] : Any Λ-separable state must satisfy
where
This bound holds for arbitrary choices of the coefficient vectors g = (g 1 , . . . , g M ) and h = (h 1 , . . . , h M ), which can be optimized to obtain the strongest possible witness. A violation of Eq. (11) witnesses inseparability in the partition Λ.
We may further exclude separability in all partitions Λ that contain at most k subsystems by observing a violation of the single condition
where the maximization runs over all partitions that consist of l ≥ k subsystems. A violation of the above bound with k = M , where each mode is treated as an individual subsystem, indicates that there is entanglement somewhere in the system without specifying how many subsystems are entangled. If the bound is violated for k = 2, this means that we cannot identify even two separable groups, and we must thus consider the ensemble of all spins as a single entangled system. We remark here that this criterion analyzes each partition on a one-byone basis, but it does not exclude arbitrary mixtures of separable models for different partitions, which is known as genuine multipartite entanglement [14, 22, 32] (see Appendix B for details). It is evident that the computation of the bound (13) becomes very demanding since the number of possible partitions increases exponentially with M . Moreover, identifying a suitable choice for the { g, h} introduces additional complexity. A special case of Eq. (11) is obtained for the choice of { g, h} given by
for all I = 1, . . . , M and J = 2, . . . , M . With this choice we note that g * 1 h * 1 = 1, and g * I h * I = −(M −1) −1 for I > 1. Since for the symmetric spin states considered here, the variances in Eq. (11) do not depend on the partition Λ, the maximization in Eq. (13) affects only the bound (12) . We thus obtain that
, where Λ min is the partition that achieves the minimum
and
I∈Aq g I h I . In writing Eq. (15), we made use of the symmetry property (5) to limit the optimization procedure to the coefficients { g, h}. Next, we observe that all contributions of terms from sets with I > 1 will increase β M Λ ( g * , h * ) whenever they appear in a partition Λ that distinguishes them from mode I = 1, whereas these terms will decrease β M Λ ( g * , h * ) when in a partition Λ that lumps them into the set A 1 together with mode 1. From this argument we also see that it is advantageous to pick a partition that splits the system in as few subsystems as possible. Since for a given k, at least k subsystems must be formed, the optimal partition describes k − 1 single-mode subsystems (with I > 1) and places all other modes (including I = 1) into a single subsystem. The minimum bound is thus given by
In summary, the minimum bound at the denominator of Eq. (11) takes the form
The choice given in Eq. (14) gives for the variances
and, using again Eqs. (5) and (6) with Π I = 1/M , that
.
A detailed calculation is given in Appendix C.
Using the definition of ξ 2 (3), together with Eqs. (17), (18) and (19), we can express Eq. (11) as
From this, we conclude that any state that is separable into k subsystems or more must satisfy
Therefore, observing ξ 2 < 4(k − 1) 2 /(M 2 (M − 1)) implies more than k partite inseparability (see blue lines in Fig. 2 ). This is the main result of this section. It implies, e.g. that mode entanglement (k = M ) is observed among M modes whenever M < 2(1 + 1 − ξ 2 )/ξ 2 (black line in Fig. 2 ).
Since any state can be considered as a single indivisible system, the bound becomes trivial for k = 1 and it can never be violated in this case. Generally, meaningful values for k range from 2 to M , and the smaller k is, the more modes are recognized as entangled. If the bound is violated for k = 2 this implies that there is no separable partition at all, and hence all M modes must be entangled. For M = 2, the criterion Eq. (20) reduces to Eq. (4), as expected.
We recall that our conclusions are based on specific entanglement witness, i.e. sufficient conditions for entanglement. Hence, these results only put a lower bound on the actual number of entangled modes.
B. Limits on global and local spin-squeezing
Let us now investigate the lower bound for the spinsqueezing coefficient ξ 2 . As we show in Appendix D 1, an arbitrary spin-S system always satisfies the bound
where the equality can be approached asymptotically in the limit S → ∞. Furthermore, we can define the local spin-squeezing coefficient
and show that there exists a limit on the squeezing that can be achieved locally from the splitting of a symmetric squeezed state. Under the assumptions (i), (ii) and (iiib) of Sec. III, the local squeezing obeys the bound
where the equality can be approached asymptotically in the limit S → ∞ (see Appendix D 2). Let us emphasize that in the derivation of Eq. (24) we did not use assumption (iiia), meaning that the inequality holds even for asymmetric splittings into M modes, i.e. for more general cases where Π I depends on I.
To conclude, we can also show that there is an exact relation between the global and the local spin-squeezing coefficients, namely (see Appendix D 3)
Also here, analogously to Eq. (24), it is worth emphasizing that Eq. ments. Furthermore, the detected entanglement is relevant for the improvement of measurement precision in quantum metrology. To see this, recall that the quantum Fisher information F Q [ρ, H] [37] quantifies the metrological sensitivity of a quantum state ρ under an evolution generated by the Hamiltonian H [5, 38, 39] . By virtue of the inequality [3] ξ
the inverse spin-squeezing coefficient ξ −2 can be interpreted as a Gaussian approximation to the full sensitivity, normalized by the total number of particles [34] . The detection of metrologically useful entanglement makes use of the fact that p-producible N -qubit quantum states (i.e. states that contain at most p entangled particles; see Appendix B) can only achieve sensitivites up to F Q [ρ p , S y ] ≤ pN [3, 4] . Combining this bound with the inequality (26), we find that a violation of [35] 
implies the presence of entanglement among more than p particles (see blue lines in Fig. 3 ). For non-integer N/p a small improvement of this bound can be achieved using a more general expression [4] . Interestingly, we can derive a much tighter bound than Eq. (27) . This is possible because the limit 1/p arises from the bound on the quantum Fisher information that is achieved only by products of maximally entangled Greenberger-Horne-Zeilinger (GHZ) states [4] , for which ξ 2 actually diverges, so that Eq. (27) can never be saturated. Instead, by making use of the asymptotically achievable limit (22), we can show that a violation of
implies entanglement of more than p spins among the total number of N spins-1/2 particles. This is the central result of this section and it follows as a consequence of convexity and subadditivity properties of the inverse spin-squeezing coefficient ξ −2 . The details can be found in Appendix E, where we also demonstrate that for noninteger N/p, the bound (28) can be improved to the expression:
with N p = N/p and r = N − pN p . We emphasize that, contrary to Eq. (27), this bound can be (asymptotically) saturated, and for p large it is higher than Eq. (27) by a factor of two (see red solid lines in Fig. 3 ).
In a system with p spin-1/2 particles, the bound (28) can be approached asymptotically in the limit of infinite squeezing and vanishing polarization S x . Such states are known as Twin-Fock states |Ψ TF (see, e.g., Ref. [40] for an experimental study of their metrological entanglement) and the bound (28) expresses their full sensitivity as quantified by the quantum Fisher information F Q [|Ψ TF , S y ] = p(1 + p/2) [compare Eqs. (28) and (26)]. By quantifying the maximum sensitivity achievable with Gaussian measurements, the result (28) implies that any sensitivity of p spin-1/2 particles that exceeds this bound, i.e. any state with F Q [ρ, S y ] > p(1 + p/2), must necessarily be non-Gaussian in the sense that its metrological features cannot be captured through spin-squeezing coefficients.
State-dependent multipartite entanglement bounds
In practice, in order to access ξ 2 one actually measures Var[S z ] and S x separately, rather than the ratio Var[S z ]/ S x 2 itself. Having independent knowledge of these two quantities, it is possible to construct a stronger multipartite entanglement witness than Eq. (28). Sørensen and Mølmer [18] showed that states with no more than p-partite entanglement satisfy 30), where ξ 2 is minimized numerically for a fixed S = p/2 and polarization [18] . The state-independent bounds (28) can be recovered from this approach in the limit of vanishing contrast.
where S p = p/2, and the functions F S [x] are obtained (e.g. numerically) by minimizing the variance Var[S z ] of a spin S as a function of its mean spin S x [18] . This approach is constructed such that it detects the largest family of entangled states on the basis of Var[S z ] and S x . However, since the metrological sensitivity is determined only by the ratio of these two quantities, the multipartite entanglement detected by this approach is not immediately linked to a metrological advantage. Yet, the criterion (30) is more powerful than Eq. (28), since it makes use of the additional information provided by S x . Indeed, we demonstrate in Appendix F 3 that in the limit S x → 0, the condition (30) coincides with (28) . Since this corresponds to the limit in which the criterion (30) is least effective, we can interpret this limit as ignoring the additional information that is provided by the mean spin length, assuming the worst-case scenario. This can be seen in Fig. 3 , where we compare the constant bound for p-partite entanglement obtained from Eq. (28) (red continuous lines) to the state-dependent bound from Eq. (30) (red dashed lines). We further show in Appendix F 2 how condition (30) can be improved for non-integer N/p, and how the resulting expression reproduces the bound (29) in the limit of vanishing polarization S x .
V. RELATION WITH TWO-WAY EPR STEERING
For a bipartite scenario (M = 2) the criterion Eq. (2) can be extended to detect also a stronger form of entanglement, namely Einstein-Podolsky-Rosen steering. Specifically, states that do not allow for steering of system I from J satisfy the condition [27, 41, 42] 
Therefore, a violation of Eq. (31) reveals steering of I by J.
In the following we will focus on the symmetric scenario, where measurements in system A and B yield the same results. In this case we have S A x = S B x which allows us to express the condition (31) equivalently as
Always because of symmetry, a violation of this relation directly implies two-way steering between modes A and B.
Combined with our results from the previous section, we conclude that if we want to observe steering through Eq. (31), we need to satisfy the condition ξ 2 < 1/4, which implies entanglement of p > 6 particles.
Note however that Eq. (31) can be generalized by including free coefficients in front of the spin operators, similarly to Eq. (11) . This allows to detect EPR correlations with less squeezing [9] , but the correspondence given in Eq. (32) is lost.
VI. DISCUSSIONS AND CONCLUSIONS
In this work we established relations between criteria for multipartite entanglement of particles and modes based on the measurement of first and second moments of collective spin observables. In the case of symmetric spin states, we found that the Wineland et al. spin-squeezing coefficient [16] coincides with a witness of mode entanglement that is based on Heisenberg-Robertson-type uncertainty relations with modified bounds [23] . This correspondence can be extended to reveal a direct relation between the spin-squeezing coefficient of symmetric spin states and a two-way EPR-steering criterion of two addressable modes.
We further revealed the relation between different multipartite entanglement criteria based on spin squeezing. The Wineland et al. spin-squeezing coefficient [16] captures the metrological sensitivity gain and can be used to study multiparticle entanglement. The approach by Sørensen and Mølmer [18] makes use of the independent knowledge of the spin polarization to derive optimized state-dependent bounds on the spin-squeezing coefficient for multipartite entangled states. Alternatively, stateindependent bounds can be derived by exploiting the relation between spin squeezing and the Fisher information [3] , but these bounds are not saturable by Gaussian states [4] . We addressed this limitation by deriving state-independent bounds that can be asymptotically saturated. This provides the tightest state-independent bounds on the spin-squeezing coefficient for the detection of multipartite entangled states. Interestingly, we observe that these bounds coincide with those of Sørensen and Mølmer [18] in the limit of vanishing polarization.
Moreover, we identified a simple expression for the maximum spin squeezing that can be achieved locally from the splitting of a squeezed state. Our results provide bounds on the amount of addressable multimode entanglement that can be generated by distributing identical particles into external modes. For example, they apply to nonclassical states of Bose-Einstein condensates that are split into different spatial modes, as in Refs. [9] [10] [11] .
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SUPPLEMENTARY MATERIAL
Here we show the detailed calculations for the results presented in the paper. 
Moreover, if u = v we obtain
Let us first express the variance and covariance of collective spins under the assumptions of symmetry. We obtain
Combining these expressions, we obtain
We briefly review different inequivalent notions of entanglement in multipartite systems. The definition provided in Eq. (10) of the main text describes separability in a specific partition Λ = {A 1 , . . . , A l }, where each of the A q is a group of |A q | systems. Such a partition Λ can be characterized either by the size of its largest group w(Λ) := max q |A q | or by the number of groups it contains h(Λ) := l (these two quantities correspond to width w and height h of the Young diagram associated with Λ [43] ). Separable models with w(Λ) ≤ p are called p-producible and those with h(Λ) ≥ k are called k-separable. These definitions can be applied to classify the type of correlations in the context of particle entanglement, where each particle is considered as a system, and mode entanglement, where each mode is considered as a system.
In the context of this paper, we provide criteria for "k-inseparable" states of modes, i.e. states that are incompatible with all mode-separable models (10) with h(Λ) ≥ k. In the above definition, all separable models are excluded individually, i.e. we verify incompatibility with all descriptions of the kind (10) for each Λ in L k−sep = {Λ | h(Λ) ≥ k}. A stronger condition requires the exclusion of all convex combinations of a specific family of separable models, and it is usually emphasized by the term "genuine", see e.g. Ref. [32] . For instance, we would call a state genuine k-inseparable if it is incompatible with any description of the kind
where P Λ is a probability distribution and the ρ Λ−sep are of the form (10) . In the context of particle entanglement, we further say that a state has [genuine] p-partite entanglement if it excludes all [convex combinations of] (p − 1)producible models (recall that p-producible models are described by the set L p−prod = {Λ | w(Λ) ≤ p}).
with
With the choice h * 1 = 1 and h * I = (M − 1) −1 for I > 1, we have
and, therefore, taking Π I = 1/M , we have
a result that is independent of the state and of the direction u.
Appendix D: Limits on spin squeezing
Ultimate limit on spin squeezing
For a given, integer spin length S, we determine the minimum possible value of ξ 2 attainable by any quantum state. Our aim is to identify states with minimal Var[S z ] with fixed S x . Sørensen and Mølmer [18] pointed out that these states satisfy S z = 0 and can therefore be found as the ground states of the Hamiltonian H = λS x + S 2 z , where λ takes on the role of a Lagrange multiplier, see also [44] . We use first-order perturbation theory to determine the value of ξ 2 for the ground state in the presence of some small but finite λ, and then take the limit λ → 0. We start from the ground state of the (unperturbed) Hamiltonian H 0 = S 2 z , which is the state |S, m z = |S, 0 . Considering S x as the perturbation, the ground state of H to first order in λ is (up to normalization)
where E m = S, m|H 0 |S, m , and given the form of S x the summation effectively runs only over m = ±1. We use this expression (plus normalization) to evaluate the expectation values
The spin-squeezing coefficient obtained from these expressions reads
We conclude that, in any spin-S system, we have
As explained in the main text, this limit corresponds to the sensitivity of a twin-Fock state |S, 0 (as expressed by its quantum Fisher information).
Limit on local spin squeezing after splitting
Let us now identify the limit of the local spin-squeezing coefficient in one of the modes after splitting an ensemble described by the global coefficient ξ 2 into M modes. We can define the local spin-squeezing coefficient as
where N I = N Π I and, using Eqs. (5) and (A3), we find that the relation with the total squeezing ξ 2 is
Because ξ 2 ≥ 0 and N Π I /2 S I x ≥ 1, we obtain that
This expression tells us that, even if the intitial state comes close to the limit ξ 2 → 0 and S I x → N Π I /2 (which can be approached in the limit N → ∞ with optimized squeezing), after the splitting the squeezing will always be limited by (D9). If Π I = 1/2, one obtains locally at most −3 dB of spin squeezing. If Π I = 1/3, ξ 2 I ≥ −1.76 dB.
Relation between global and local squeezing
To relate the global squeezing ξ 2 to the sum of local squeezing coefficients ξ 2 X , we make use of Eq. (5) to rewrite Eq. (D8) as:
(D10)
Summing both sides over all modes I = 1, . . . , M , and using the fact that M I=1 Π I = 1, we obtain Eq. (25) .
Appendix E: Derivation of sharper multipartite entanglement bounds on ξ 2
Our derivation of the criterion for p-partite entanglement (28) makes use of the ultimate limit on the spin-squeezing coefficient ξ 2 in arbitrary quantum states of a spin-S system that was derived in Appendix D 1. We further use convexity and subadditivity of the inverse spin-squeezing coefficient, which we demonstrate below. Finally, we combine these results to derive the bound (28) on p-producible states.
Convexity and subadditivity of (2S)ξ −2
Consider an arbitrary linear combination of quantum states ρ = γ p γ ρ γ . The inverse spin-squeezing coefficient satisfies the convexity property [34] 
Let us demonstrate that (2S)ξ −2 ρ is also subadditive, where S is the total spin of the system described by ρ. To this end, we consider a product state ρ = ρ 1 ⊗ · · · ⊗ ρ M and we decompose the total spin S into its local components as
The Wineland et al. spin-squeezing coefficient [16] expresses the ratio mean spin length and minimal variance in an orthogonal direction. This ratio has a clear metrological interpretation and, as we have discussed in Appendix E, it can be related to multiparticle entanglement. An alternative approach has been proposed by Sørensen and Mølmer [18] , who use the combined information of mean spin length and minimal variance (beyond only their ratio) to derive limits on multiparticle entanglement.
Here, we demonstrate that the entanglement witness that is given by the Wineland et al. spin-squeezing coefficient can be recovered from the approach of Sørensen and Mølmer in the limit of vanishing mean spin length, which corresponds to the scenario where their criterion is least effective.
Properties of the functions FS[x]
We first review and generalize the approach of Sørensen and Mølmer [18] . Let us define the minimum variance of S z divided by S for a spin-S system
Here F S [x] is a function with the following properties (we assume S integer, see Ref. [18] for a discussion of non-integer cases):
• 3). For S 1 < S 2 we have F S1 [x] > F S2 [x]. Properties 1) and 2) are proven in Ref. [18] . Property 3) can be proven using the analytical expression [18] 
that is valid for large values of S, while for smaller S, numerical evidence suggests that property 3) still holds. Finally, property 4) can be proven using the results Eqs. (D3,D4) obtained from perturbation theory (note that the limit x → 0 corresponds to the limit λ → 0). Since F S [x]/x 2 = ξ 2 /2, we immediately obtain from Eq. (D6) the desired limit. Note that if we were to take the limit using the expression Eq. (F2), we would have obtained 1/(4 + 4S). The factor two difference is attributed to the fact that Eq. (F2) is an approximation that differs from the true bound by a factor two in the limit of small x, as mentioned in Ref. [18] .
Generalization of the Sørensen-Mølmer criterion to non-integer N/p
Sørensen and Mølmer proved their criterion for a decomposition of the total spin S into N/p subgroups of size p, assuming that N/p is integer. Here, we generalize their result by considering a separation of the total system into as many groups as possible of maximal size p plus a remaining group. More precisely, call N p = N/p the number of partitions into groups of p particles. Each group has spin S p = p/2 (for spin-1/2 particles). If N/p is not an integer, there will be an additional group of r = N − pN p particles, labeled r(est), with spin S r = r/2. We obtain
This bound is the tightest formulation of the multipartite entanglement criterion first proposed by Sørensen and Mølmer in Ref. [18] . It can be further simplified under the assumption of symmetric spin states. If property (ii) (see Sec. III in the main text) is granted, we may write S
where S = N/2 is the total spin. By explicitly considering a subgroup of size r when the distribution of N particles into subgroups of size p cannot account for all particles, this bound is stronger than the well-known bounds derived in [18] . To see this, notice that S r < S p and by virtue of property 3 we can thus derive the weaker bound
This is the standard formulation of the Sørensen-Mølmer multiparticle entanglement criterion [18] and we observe that the condition (F4) is indeed stronger. If N p is an integer, both criteria coincide, since S r = 0 and S p N p = S.
Relation between different spin-squeezing multiparticle entanglement criteria
Since the functions F S [x] are strictly increasing, the entanglement criterion (30) detects the largest number of entangled states when S x is large. If, however, the value of S x is not known separately from Var[S z ]/ S x 2 , we must assume the 'worst-case scenario', which consequently is given in the limit of S x → 0. Here, we show that in this limit, the Sørensen-Mølmer approach to witnessing entanglement becomes equivalent to the bound (28) on the Wineland et al. spin-squeezing coefficient. We first demonstrate this correspondence for the simple bounds, i.e. Eqs. (28) and (30) and then generalize our result to the tighter expressions (E9) and (F3).
Note that the condition (30) for states with at most p-partite entanglement can be equivalently stated as 
(F7)
Combining these two bounds, we can derive the multiparticle spin squeezing condition (28) in the 'worst-case' limit of the approach of Eq. (30) .
Let us now demonstrate that the same correspondence holds for the most general formulation of the respective criteria for non-integer N/p. Using properties 2 and 4 in Eq. (F3) implies that in the limits S (i) x → 0 and S (r) x → 0 the following condition holds for states with no more than p-partite entanglement:
We now demonstrate that the following statement holds for arbitrary A, B, a, b ∈ R with a, b > 0:
This relation follows immediately from = S x and pN p + r = N . Multiplying both sides of (F11) by N and dividing by S x 2 , we recover the condition (E9). This generalizes the correspondence between the two approaches to the stronger conditions, valid in the case of non-integer N/p.
Let us conclude this section with a remark on the nature of the multipartite entanglement that is detected by these conditions (recall Appendix B). Since the entanglement limit on the Wineland et al. spin-squeezing coefficient is state-independent, the criterion can be straightforwardly extended to detect "genuine" p-partite entanglement, i.e. it automatically excludes all convex combinations of different (p − 1)-producible models. This generalization is less obvious for the Sørensen-Mølmer criterion, since the bounds depend on the expectation value of the spin, which may be different in each of the states ρ Λ−sep that appear in the mixture (B1). The convexity of the F S [x], in principle, allows for a generalization of these bounds, but to the best of our knowledge a formal proof has so far not yet been provided in the literature.
